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NONLINEAR NATURAL CONVECTION IN POROUS MEDIA  





Northern Arizona University 





A short review of the problem of nonlinear 
natural convection in a fluid saturated porous 
layer heated from below is presented. When the 
conditions for the onset of convection are met a 
wave function is obtained as the solution of the 
linearized equations expressed in terms of a 
Fourier expansion. Only one mode of this 
expansion survives at the onset of convection, a 
result that can be seen as the "Collapse of the 
Wave function" in a very similar fashion as in 
quantum mechanics, although the explanations of 
the latter are very distinct from the ones in 
quantum mechanics. The reasons behind the 
"Collapse of the Wave function" result in natural 
convection are discussed and the analysis is 
extended into the nonlinear domain of 
convection, by using a weak nonlinear analysis.  
 
INTRODUCTION 
Following Bohm [1] and Griffiths [2] the kernel 
of quantum mechanics is the Schrödinger wave 
equation [3-8]. Born [9] introduced a statistical 
interpretation to the wave-function appearing in 
the Schrödinger equation to Schrödinger’s 
explicit disapproval [3-8] who preferred the 
wave field interpretation. Eventually the 
statistical approach was entrenched in quantum 
mechanics not only as a technical means of 
providing answers and solutions to sub-atomic 
phenomena but as a “complete” interpretation of 
the physical “reality” following Bohr’s and 
Heisenberg’s “Copenhagen Interpretation” that 
became main stream Physics. The solution to the 
Schrödinger equation for the complex wave-
function  leads to the superposition of an 
infinite number of modes, while Born [9] 
interpretation implies that  
 
Whatever the interpretation, the experimental 
fact still shows that the wave-function collapses 
upon observation, i.e. as soon as experimental 
observation (e.g. measurement) is undertaken the 
wave-function collapses from the superposition 
of an infinite number of modes to one single 
mode. It is this collapse of the wave-function and 
what will be shown to be similar in natural 
convection in porous media that this paper 
focuses on. 
 
QUANTUM MECHANICS AND THE 
COLLAPSE OF THE WAVE FUNCTION 
The Schrödinger equation has the form 
  (1) 
where  is the complex wave function, and 
 is the position vector in 
Cartesian coordinates,  is time,  is a potential 
function, and  is the reduced Plank’s 
constant. The solution to the Schrödinger 
equation depends on the imposed potential  
but generally has a wave solution that in the one 
dimensional finite space takes the form 
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  (2) 
where  
  (3) 
and  is the initial 
condition for the wave function. 
The solution (2) to the Schrödinger equation (1) 
is the linear superposition of all discrete eigen-
modes. 
However, upon observation via measurement at 
any given time , the observed result has the 
form 
 (4) 
which implies that only one mode is observed 
rather than the whole infinites series of the 
superposition of modes. The latter 
“phenomenon” was named “the collapse of the 
wave function” and has no deterministic nor 
causality linked explanation in quantum 
mechanics. The objective of the present paper is 
to show that a similar “collapse of the wave 
function” occurs in natural convection in porous 
media where there is a definitely deterministic 
reason for the latter as well as a causality linked 
explanation. This implies that it might be 
possible in using the methodology developed in 
analyzing natural convection in porous (or non-
porous) media for the potential derivation of a 
deterministic quantum mechanics theory that will 
complement the well-developed and widely 
accepted stochastic quantum theory.  
 
NATURAL CONVECTION IN POROUS 
MEDIA – PROBLEM FORMULATION 
The governing equations for the natural 
convection in porous media (see Figure 1) 
expressed in a dimensionless form [10-13] are 
  (5) 
  (6) 
  (7) 
where  is the porous 
media Rayleigh number,  is the dimensionless 
temperature,  is the dimensionless reduced 
pressure, and  is the filtration 
velocity vector.  
 
 
Figure 1: Natural convection in a porous layer 
heated from below. 
 
Equations (5)-(7) accept a basic motionless 
solution in the form 
  (8) 
The linear stability of this basic solution can be 
established via a linear stability analysis by 
subjecting the basic solution (8) to small 
perturbations  and   in the form 
 (9) 
  (10) 
where the symbol  stands only to explicitly 
indicate that these are very small perturbations to 
the basic solution. Substituting (9) and (10) into 
the governing equations (5)-(7) and neglecting 
nonlinear terms that are  or smaller yields, 
following the application of the curl operator 
 on equation (6), the following set of linear 
partial differential equations 
  (11) 
  (12) 
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NATURAL CONVECTION IN POROUS 
MEDIA – LINEAR STABILITY 
The solution to this set of equations is obtained 
via separation of variables in the form 
  (13) 
and a similar form for .  
Substituting (13) into the set of equations (11)-
(12) produces the following separate equations 
  (14) 
  (15) 
 (16) 
  
where  are separation constants 
that will lead to a dispersion relationship, and 
 is the horizontal 
Laplacian operator. Equation (14) yields the 
solution  
  (17) 
where further analysis shows that  is a real 
constant, representing the relative growth rate. 
The two-dimensional Helmholtz equation (15) 
has solutions of the form 
  (18) 
Equation (16) subject to the boundary conditions  
  (19) 
leading to the solution 
    (20) 
Substituting these solutions into (13) yields 
 
(21) 
that is a stationary wave function, which upon 
superposition of all modes of convection yields 





However when measuring experimentally or 
solving numerically the original governing 
equations only one mode is obtained, i.e.
  (for  it implies 
) 
and the solution has the form 





Figure 2: Convection cells as collapsed wave 
function solutions; (a) stream lines, (b) isotherms 
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These solutions represent convection rolls as the 
plane form, although other plane forms such as 
hexagons can also be solutions. Equations (24) 
and (25) definitely show the collapse of the 
wave-function upon observation, similarly as in 
the solution of the Schrödinger equation and the 
consequent observation.  
As distinct from the quantum mechanics problem 
the reason for the collapse of the wave-function 
in natural convection is known. It is linked to the 
dispersion relationship obtained from 
substituting the separation of variables solutions 
(17), (18) and (20) into the equations (11) and 
(12) and takes the form 





Figure 3: Stability curve – Critical Rayleigh and 
wave numbers 
 
When  perturbations decay and the basic 
motionless solution is stable. When  
perturbations grow and the basic solution is 
unstable. At marginal stability  and the 
characteristic Rayleigh number is 
 (28) 
and by observation one concludes that the 
minimum value of  at marginal stability is 
obtained when  and when the derivative of 
 with respect to  in equation (28) is zero. 
Taking the derivative of  with respect to  
in equation (28) and equating it to zero yields
 ( ) and for   
 ( ) (29) 
showing that only one mode survived. The 
corresponding critical Rayleigh number is 
obtained by substituting  and (29) into (28) 
to yield 
  (30) 
The reason behind the collapse of the wave-
function in natural convection in porous (as well 
as non-porous) media is because primarily at 
marginal stability there is only one mode that 
survives. All other modes decay to zero. Beyond 
the marginal stability, at supercritical conditions, 
i.e. supercritical convection when , the 
weak non-linear analysis shows that the 
amplitude of convection is , where 
   (31) 
representing the relative distance from the 
critical point. Then, from Figure 3 it is evident 
that the largest amplitude is reached at  
reinforcing the reason behind the fact that the 
critical wave number is the dominant mode of 
convection a fact that explains the collapse of the 
wave function in this problem. 
 
RENDERING SCHRÖDINGER EQUATION 
FROM QUANTUM MECHANICS INTO 
EULER EQUATION IN FLUID DYNAMICS 
Madelung [13] showed that the Schrödinger 
equation can be rendered into an equation very 
similar to the Euler equations and applicable to 
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potential flow. Starting from Schrödinger 
equation (1) one may represent the (complex) 
wave function in the form 
  (32) 
and upon substituting (32) into (1) and using the 
notation 
  (33) 
one obtains the following set of equations 
  (34) 
 (35) 
which are very similar with the Euler equations 
for compressible flow 
 (36) 
 (37) 
The definition of  from (33) makes this 
analogy applicable for potential flow only. Also 
it is difficult relate the potentials in equation (35) 




An analogy between the collapse of the wave-
function in quantum mechanics and the 
corresponding collapse of the wave function in 
natural convection in porous (and non-porous) 
media was presented. As the reason for the 
collapse of the wave-function in quantum 
mechanics is unknown, while the latter is well 
understood in natural convection, one might use 
the presented analogy to derive a similar 
deterministic analysis to the quantum mechanics 
problem that might complement the existing 
statistical only approach. 
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